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We numerically study a simple sliding system: a rigid mass pulled by a spring having strong in-plane stiffness 
anisotropy and a small misalignment angle. Simulations show that the apparent “stick” phase in this system is in 
reality a phase of very slow creep, followed by rapid sliding, slip. Surprisingly, the absolute value of the friction 
force remains almost constant from the very beginning of the “stick” phase, merely rotating in the sliding plane. 
We call this specific mechanism of apparent stick due to rotation of the force vector “dynamic stiction”. Another 
interesting consequence of our model is the presence of high-frequency oscillations perpendicular to the pulling 
direction in the “dynamic stick” phase. 
 
Introduction.–Dry friction plays an essential role in a 
many physical processes and numerous engineering, bio-
logical and medical applications [1]-[3]. Often, the simplest 
friction “law” (Amontons’ law [4],[5]) is used to describe 
dry friction. It states that the body remains at rest until the 
driving force exceeds some critical value called static fric-
tion. After that, sliding occurs at almost constant force F, 
which is roughly proportional to the normal force, W: F = 
µW. The proportionality coefficient µ is called coefficient of 
friction. At the latest since Coulomb [6], one distinguishes 
between static and kinetic friction. The present paper is 
devoted to the analysis of the transition between static and 
kinetic friction, or in other words transition from stick to 
slip. This transition plays an essential role in many tech-
nological [7] and geological [8] processes and has been 
studied intensively along two main lines, which can be 
characterized as static and kinetic. In the static approach, 
the tangentially loaded contact is considered as being di-
vided into sliding and sticking parts, while at increasing 
tangential load, the fraction of stick decreases until com-
plete sliding begins. The prominent representative of this 
approach is the theory of partial sliding by Cattaneo [9] and 
Mindlin [10]. In the kinetic view, both stick and slip are 
considered as sliding with different velocities. The promi-
nent representative of this approach are the rate- and 
state-dependent laws of friction developed in the 1970s in 
context of geotectonics [11],[12]. A similar, but purely phe-
nomenological approach has been developed in context of 
pre-sliding [13],[14] which is of basic importance for preci-
sion positioning and feedback control systems [15]. Further 
approaches combining both of the above views have been 
developed, e.g. rapid propagation of slip or detachment 
fronts in the contact plane [16]. 
All of the above approaches are entirely focused on de-
scribing the magnitude of friction force. Its direction is 
assumed to be opposite to the direction of sliding. This, 
however, is not necessarily the case due to finite stiffness of 
the junction between the macroscopic drive and the imme-
diate contact spot. Consideration of the direction of friction 
force introduces an additional degree of freedom and opens 
a completely new view on the old problem of transition 
from stick to slip. Here we show that both stick and slip 
phases can be naturally understood in a purely mechanical 
way as emerging from rotation of the friction vector. The 
importance of the rotation of the direction of friction force 
was highlighted in [17] in context of active control of fric-
tion by transverse ultrasonic vibrations. 
 
FIG. 1. Analytical model. (a) Side view: An object in contact 
with a horizontal floor is pulled to the right via a spring. (b) Top 
view: A non-zero in-plane misalignment φ exists between the 
pulling direction X and the principal axis x of the stiffness tensor. 
The angle of friction force F measured from X is denoted as ψ. 
Model.–Figure 1a shows a side view of the model: a rigid 
mass m is coupled to a spring and is in contact with a hori-
zontal flat floor (XY plane) under the normal load W. The 
right end of the spring is driven along the X-axis with veloc-
ity V. In the top view of the system (Figure 1b), the spring is 
characterized by the stiffness tensor. Let x and y be the prin-
cipal axes of the stiffness tensor (as shown with green 
dashed lines in Figure 1b) and kx and ky the corresponding 
principal values. We assume that the principal axes are 
inclined relative to the direction of the drive velocity by a 
small angle φ. Such a misalignment is not an unrealistic 
assumption in tribological apparatus, since angles less than 
one degree are practically unavoidable but are sufficient to 
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produce friction vector rotation if the anisotropy of the 
spring is large enough. The projections of the spring forces 
onto the principal axes are kxux and kyuy, where ux and uy are 
the spring elongations in the x and y directions, respectively. 
The velocity of the immediate contact point relative to the 
support will be denoted as “slip velocity”, vslip. The direc-
tion of the friction force, F, was assumed to be opposite to 
the direction of vslip and its magnitude a function of the 
magnitude of vslip: F = F(vslip). A velocity-weakening law
0 slip f[ ( )exp( )]F v v Wμ μ μ∞ ∞= + − −  was used, where μ0 
and μ∞ are the friction coefficients for vslip ~ 0 and ∞, re-
spectively, and vf is a velocity constant. Note that we do not 
assume the existence of a finite static friction (which va-
nishes). 
The equations of motion of the mass m in coordinates x 
and y read: 
cosx x xmu k u F θ+ =&& , siny y ymu k u F θ+ =&& , (1) 
where θ = ψ + φ is the angle between the friction force and 
the x-axis. Simple geometrical considerations show that 
( ) slipcos cos /xV u vθ ϕ= − & , ( ) slipsin sin /yV u vθ ϕ= − &  (2) 
with 
( ) ( )22slip cos sinx yv V u V uϕ ϕ= − + −& & . (3) 
With account of (2), (3), Eqs. (1) can be rewritten as 
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This system of two non-linear second-order differential 
equations completely determines the dynamics of the sys-
tem. They were solved numerically using the Runge-Kutta 
method. The time evolution of object position in the labor-
atory coordinates can be obtained by 
cos sinx yX Vt u uϕ ϕ= − − . (6) 
Apparent stick-slip motion of the system.–Figure 2 
presents solutions to the equations of motion. A small 
in-plane misalignment of φ = 1° and a strong stiffness ani-
sotropy of ky/kx = 104 were assumed corresponding to typi-
cal cantilever springs used in laboratory friction tests. Other 
parameters are listed in the caption. The drive started to 
move at t = 0. The time dependencies of the x- and 
y-components of the spring force are shown in Figure 2a,b. 
The longitudinal component of the spring force shows the 
classical stick-slip behavior consisting of a linear increase in 
time followed by a sharp drop (Figure 1a). The transverse 
component of the force, on the contrary, reveals an unex-
pected behavior: It jumps to the maximum value (equal to 
the magnitude of the friction force in slow sliding) and 
subsequently decreases to vanish at the start of the slip 
phase (Figure 2b). The magnitude of the force remains 
practically constant during the whole stick phase (Figure 2c) 
dropping only in the phases of rapid slip. Maintaining equi-
librium in the pulling direction is possible due to the 
in-plane rotation of the friction vector described by the 
angle ψ between the direction of force and the driving di-
rection, Figure 2d. The time dependency of the longitudinal 
coordinate X (Figure 2e) shows a pronounced stick-slip 
character. Although the stair-like object position (X) and the 
sawtooth-shaped spring force (kxux) indicate typical 
stick-slip, in reality, the body never comes to a full stop. 
During the stick phases, the object is slowly slipping and 
gradually accelerating in the X direction (see the inset of 
Figure 2e), which reminds us of the so-called “slow creep” 
known from studies of the rate- and state-dependent friction 
laws [18]. To underline the dynamic nature of the apparent 
stick phase we call it “dynamic stiction”. 
 
FIG. 2. Dynamic stiction, slow creep, and stick-slip. (a) Spring 
force, kxux. (b) Spring force, kyuy. (c) Magnitude of friction force, F. 
(d) Direction of friction force, ψ. (e) Object position, X. System 
parameters: φ = 1°, m = 0.25 kg, kx = 1 kN/m, ky = 10 MN/m, μ0 = 
0.20, μ∞ = 0.15, vf = 10 mm/s, W = 10 N, and V = 0 for t < 0 and 1 
mm/s for t ≥ 0. Initial conditions: (0)X = 0, (0)Y = 0, (0)&X = 
εV, and (0)&Y = 0, where ε = 10–6. 
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Another interesting feature seen in numerical simulations 
are high-frequency oscillations (Figure 3). These oscilla-
tions are not numerical artifacts but rather an inherent prop-
erty of the described system, which will be discussed below. 
A closer look shows that the oscillation frequency coincides 
at the beginning of the "stick" phase with the natural fre-
quency of the transverse oscillations, ωy = (ky/m)1/2 (for the 
system parameters used, 1.0 kHz) and decreases when ap-
proaching the phase of rapid slip (Figure 3b,d). The high 
frequency dynamics of sliding systems is of significant 
interest for many technical applications [19], [20]. Their 
physical origin and influencing factors have been studied 
for many decades, but their nature often remains unclear 
[19]. Thus, the concept of the friction vector rotation offers 
a new perspective also on the problem of frictionally in-
duced high-frequency oscillations. 
In the following, we discuss in more detail the main fea-
tures of the observed stick-slip motion: (a) dynamic stiction, 
(b) slow creep, (c) high-frequency oscillations, and (d) 
low-frequency oscillations. 
 
FIG. 3. High-frequency oscillations. (a) Spring elongation rate, 
vx (= &xu ), and (b) its spectrogram. (c) Spring elongation rate, vy (=
&yu ), and (d) its spectrogram. System parameters and initial condi-
tions are the same as in Fig. 2. 
Dynamic stiction.–Based on the results presented so far, 
we would like to describe schematically the mechanism of 
dynamic stiction. The simulations reveal that the body, 
when loaded, never stops but is moving with a small 
velocity. This leads to the fact that the magnitude of 
frictional force remains constant all the time. At the 
beginning of sliding, the projection of friction force on the 
sliding direction gradually increases from zero. This means 
that the vector of friction force should be initially directed 
perpendicular to the sliding direction. Indeed, we see that at 
the beginning of macroscopic sliding the friction force vec-
tor jumps to the direction perpendicular to the sliding direc-
tion (ψ ≈ 90°, see Figure 2d). When the spring force in 
sliding direction increases, the friction force vector rotates, 
but its absolute value F0 = (Fx + Fy)1/2 remains constant and 
practically equal to the value of friction force at very small 
sliding velocities, F0 = µ0W (Figure 2c). Thus, the perpen-
dicular component of the friction force, Fy = (F02 – Fx2)1/2, is 
decreasing, gradually approaching zero (Figure 2b). The 
change in the pulling force can be supported by the rotation 
of the friction vector only until Fx ≤ F0. As soon as the pull-
ing force exceeds this critical value, no static equilibrium is 
possible any more, and the phase of rapid slip starts. 
Slow creep.–Let us consider in more detail the “stick 
phase” (which in reality is a phase of slow creep). The 
movement during this stage is quasistatic, which means that 
the inertial terms can be neglected. However, this is valid 
only for the movement in the x-direction. The high trans-
verse stiffness ky guarantees very small deflections uy. The 
velocity yu& , on the contrary, is not necessarily small due to 
high natural frequency in the y-direction but it has zero 
average and can be set to zero while considering the creep 
process. Thus, in the creep phase, we can neglect in Eqs. 
(4),(5) the terms with xu&&  and yu& . After some transforma-
tions this leads to 
0
2
0
/
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−
& x xx
x x
k u F
u V V
k u F
. (7) 
This is an ordinary differential equation of the first order, 
which completely determines the dynamics of the degree of 
freedom ux(t). The coordinate X in the driving direction can 
finally be found using Eq. (6). The resulting solution shows 
that at small misalignment the system shows an almost 
perfect stick, while it rapidly becomes blurred when in-
creasing the misalignment angle. In the limiting case of very 
small misalignment angles, Eq. (7) takes the form xu V≈&  
with the solution ux = Vt (for Vt < lx = F0/kx). For the creep 
velocity, Eq. (6) yields 
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It contains two contributions: One of the first order in pull-
ing velocity and of second order in misalignment angle and 
a second one that is linear in misalignment angle and second 
order in the pulling velocity. The second term has a singu-
larity of the form (1 – (Vt/lx)2)–1/2 when approaching the 
moment of “slip”. Comparison with published measure-
ments of creep [21] seems to confirm the existence of these 
two contributions. 
High-frequency oscillations in the “stick” phase.–At the 
beginning of the creep phase, cos 0xV uϕ − ≈& . Neglecting 
this term in Eq. (5) transforms this equation to 
0sign( sin ) 0ϕ+ + =−&&& y yy ymu k F uu V . (9) 
The average value of displacement is easily found by setting 
0yu =&  and 0yu =&& : 0=y yk u F  while the amplitude of 
oscillations is determined by the non-linear term 
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0sign( sin )ϕ−&yuF V  and is bounded by the value 
siny Vu ϕ=& . After a setting time, the system oscillates 
undamped with the frequency ωy = (ky/m)1/2. 
Low-frequency oscillations.–Note that the system also 
shows low-frequency oscillations in the x-direction, which 
can be used for dynamic probing of approaching the mo-
ment of slip. Dynamics in the x-direction can be described 
with one single equation in both “stick” and slip phases by 
setting  in (4). With , this equation leads to 
( )32 sin 0Λ θ′′ ′+ + =x x xv v v , (10) 
where Λ = µ0W/2Vsinφ(mkx)1/2 and (') means the derivative 
with respect to τ = ωxt. Thus, the damping properties of 
longitudinal oscillations are controlled solely by the factor ζ 
= Λsin3θ. During the “stick” phase, the angle θ slowly 
changes from 90° to φ (as shown in Figure 4 with a red line 
for φ = 1° and with a blue line for φ = 10°). Depending on 
the value of parameter Λ, the system can either achieve the 
underdamped state marked in Figure 4 with a green line ζ = 
1 or not. For Λ>>1 and very small misalignment angles, the 
damping factor is initially very high and drops to low values 
in the immediate vicinity of the stick to slip transition. Thus, 
the damping response could be used for probing how far the 
system is from the critical point. On the other hand, at larger 
misalignment angles the underdamped state is never 
achieved. In other words, large misalignment angles sup-
press frictionally induced instabilities [22]. 
 
FIG. 4. Damping diagram: The distribution of instantaneous 
damping ratio ζ = Λsin3θ is presented in the plot of θ versus Λ. A 
small misalignment φ = 1° causes the transition from overdamp-
ing- to underdamping-sliding at the cross mark, which is observed 
as the transition from slow- to fast-slip (i.e., the stick-to-slip tran-
sition). A larger misalignment φ = 10° suppresses the transition. 
System parameters: m = 0.25 kg, kx = 1 kN/m, μ0 = 0.20, W = 10 N, 
and V = 1 mm/s. 
Our results establish a new perspective on slow creep, 
the stick-to-slip transition and the nature of high-frequency 
oscillations in sliding systems. We are completely aware 
that the demonstrated mechanism of stick-to-slip transition 
does not exhaust all possible mechanisms of the stick-slip 
phenomenon. However, we would like to draw attention of 
researchers and engineers to the fact that the well-known 
and much debated properties of the transition from stick to 
slip, including slow creep, may have a completely different 
– and much simpler – purely mechanical origin. 
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